0 Ctifford. aljebm @

V- n-dimensional real inner space . fe,..eal orthonormal basis of V
¢y inner prooluct of V. norm: VIR = (V.1
Def.  Clifford a{jebm Set QV:= ® ®v. CUvi= ®V/fy, . where H 75 the two-Sided
ideal genevated by ol elements of the fum veVivE, veV.
Remark: MW= I;'S:qua (vi@vi + IViIF) ®2; : wi.2i e BV, VieV . Iciem, meNi !
the quotient map: 2: V- Clw wyebra /wmamrrh)s/w.
By defmit?m, A(v®v+ivir) = ZmAW) + w1l =0, VvelV .
= Ay UW + 2wV F2<v.wr=0. Vv.wel.
() AlG) (et Alej)qleN=0 3]
(j Cltv) 5% & he% %
2e)-20e) = -

SR STOMNVIUE srm‘liumt of abgebra), A, Zielaig) . - . Tier-ales) - - Aiew |
L& 2R 0 4
Lemma. 2 restricks to an embedding of V tv G, Ve AV AW 1 a Vestor Space
380 Morphism .
eigj+ejei=o, %]

Remavk: £7kBAT lemma, HMTWF V500 FAMEK . Hibei~2te). $hoThmk {
e’= .

RIEVERA-G 0 Lemma F TR O9IEE .

Theorem . The rvestrckbn of & 0 AV £ ®V s an vector space i«somavrhism onto ULV .
prof. AoBE R T 09 -T5EL (§ik)
proposition: Leb f:V— A be o linear map . where A s a associated R- Mjabm With
it fuafmrawil=o, VveV, vhen J extends uniquely to an adgebra
/wwwmmfhism j&\:(@V«-> A, F reduces to an Mjebm /wm/omml)hism £ cw-H.
proof of theorem -
Swepl: 2 % a surjective map.

w

Newety, Albiaagi)= Al 53,';"3:9,@»@{7‘): §I70 2ey) - 2064, = 3l Fiein) .

LTRSS 7"‘

S+ef2-: A 15 4 Tnjective map.



We construct H: Cltn— AV 96. Hoa=1d

1.9
+ First , recall nterior “ymd«ot ‘F" ve V. LU (acame) = 2

k%% uvi(n=9 .

GV iy M A~ AU,

* We define F: V> End(Av) for ue V, FHww@ =urc- lmc .
extend F: OV~ End (AV) claim  Foo) Fim + liwi® 1 =0
provf of cdaim toke = Cijpnvnbi €AV
if J& tuzel, Fie Feej a = Flc.j)(@/\e{,/\“‘/\eip):'(ej,ej7 Ciavalip =-C
if g€ i, J=u. Fle,) Fig,) o= -Fleq,‘,,)t(—ﬁ)”'&.;,/w-/\é:bmu,\e,-,‘)=—o-,
= HWFy+ P ld=0. Hence, we je# %’ UW) ~ End (Av) V

Define Gr: End(AVI= AV tfH gu . Seb HeGoF T2 Gyavnlic €AV

g Jk
Hoa(s) = Lro Foua,m rig) = Su u Feej) « HcJF)u)- $iim e &jiangj = iy AN ‘AN =@

=) Hoa=14d .

Remark: Uv)= spanli. ei gy~ et-enl . dim On)=2"

Also . dedhrinj this basis as bemg ovthonormal we obthain w Scalar pmdwb on  CLv).

&dendinj the one on V.

Remark: OV’ := span®§ ti-tic 1. OUWD=R.

Ve g

BO& R, BIVEL V=R b Clivs IR,

We define U = foelin) - 3z € Clm), 9t zo=0z=)] Erawlfiﬁli mi"@ﬁf(ﬁ?i%

Lt ver", mi*4o, then v'=-wi*v 2 ve O, ie R\l e cfm.

Thearem . (A% 35 & Lie Group of dim 2" .
‘}wof. We claim : %) o]zen m Cln

let ©e&lhm, set aru-: %—,:-, ,i,ln:l- Koo g -e

(mf 6 = exp £0).
” exp: Clim— Cin)  well- dc{—‘me,ot It 15 easy to see that ex? 15 smooth and exr(uw)c %) .
claim- dexr,: 1d .

ex]; w=l, U= IR‘A, 7o CAim = /Kzn. %L__o %rlt‘rh %:jt,'( |+t<r+3'-,tt0')‘+~ ) =a ie alexf,tm . v



By the inverse mapping theorem . there exists an open ndz/téorhowt U of 0. st exﬂM % a a(i#cmorfhism
onto explu). Veellin, Le: Cin—~ U, Lelz)=cz. Lo is a diﬁmwfln)sm. T exr(u) 15 an open
neighborhood ofo. & Texpln e lim 2 w38 ofen in Utn. Hence we have CPin 14
a smooth manifold and Um is a Lie group. #
Removk:  The Lie slgebra of Um 45 Chin.
Def. We define  Spintn = Tt WGERD, Wil =], [e3e3k, KeMs ]
Lonsider the adjoins vepresentation. —Ad: OFin— Awb (Cim)  Adg e Aut (Clim) . Adgier= 0T,
the twisted udjoiwt representation.  ~: RKOR' U -u, o O=Vie v define T= V-
Ad: O~ Gl Cm) Z‘J,,(: Gl . A:J,,.(ot)w Toa
We yestrict Ad o Srintm, Let o=UtUn wic @Y . Wizl . Ade = Ady o Adu,,  and
Rz Adne o Ay
Lemma. Let ue @ with =l . then Ady®)z @" Moveover . Adulgs 35 the reflection airss u*
proof. Let ve w' i <wwrzo. Al = Tv) =1 . Adww=vun = -u #
Set %o :=hd 'SP'""" z AAI;PMW . 2,( Sfinw) z SO .
#b. Awldm). AHFRHERRMEESR
Adg: Chm— Clm.  %BAEH Ad B3B3 Z83EIL Ade RRIAZ. e Adelopr = Adgins - Ad i)
Adslxp)z T(xp) 0" = T 0pa” = Adeload-Adelp). = Adge Awbl Ofim).

Wial Al RRERA . 1R ARmAT.

@

This lectwre . we first continue oliscussinj the mapping %, .
Lemmoi. Let V be o Finite climensional inner vector space V. then each ¢ OW) can be written as a
produck of rveflections 9= RuooRug, ksdimV. where Ru v the Yeflection acmss u*.
proof. LA EIE
toh 0 debg =

L3

claim: % wpel. wep luzipi=, ®anel mizi Ryeo=p. ERBEG-T



pof. 2 )= Xl by the olefinition of Ry . R;) (<> )= =Kt 1]

lo-p1

R:) ( - (u,p?) = o2 4

=B o-p
D) Rr'lat) = X=da.h2) -] = x-Xu ld-pl) o pl =p.
&) - f«x,
choose an ovthanormal basis of V. o 0] 2 4t 1d. Adix gutu, £ %i: [u,-?«x,l-

Ry 0=9et: . [Rg o). R x) is o orshomormak basis of V, » Gus=t Rg w06).
% guaz Rgio) W §=Rg, . B dletgel. detRg=d. T
7 goa=Rgle) P G2 RorRy  Tnddeed. Ry o Rsilan= Ry, (G)= g0
Rges® Ry, (06)= Ry, (~§oa) = gb .
2° det §=-l.
9LVAI-T 228 o e T002EPE AR DREEME olet A=l
e (‘::z 9::”) Cococon REMAWITEVGRI, AR A3 BIE xoind -y w2 =0 B9 BT,
© BB T YERNT A G RRAXE. WOE EA nTfE(no3) B4 K.
choose an orthenormal basis of V{791,
if §°1d. AEApEEIR Ry Ry =Ld= A
it 9#ld. A¥GiIx gp=0. WF 19p1=1q0= 1. by the claim. 3 veflection B, s+ Bugn= 9/
D B Bifaz=4 Gl a2 = U
BRBW B CYpmB g e, URCOIAERZE  CluRubby-tREEaE
WPRIMEE R K . BEUY EF 01T veflection G- Cs (s5n) sb. Cly= GG Cs. TG FHRV
LA EIRE . St Bjlgu= g0, Bjlu=C. javs. 8 R reflection.
2 §=Be-o B8, Indeed, Bs's o Balo B (i = Ble-+B'(94) = 49,
Bs'o o Bl'e B (:) = Bs'e o8I ( Clgga) = G . 4
Theoremz. %, s surjeobive.
pof. take ge SO, by Lemmal . §= Ruo 0 Ry = Ay, 00 Ay = Hu,...uy,‘:-g.(u,mmm 4
Lemmal  The center of Chm consist of vhose elements thot commute with all we R". For n even,

the center 35 &. while for nodd, 3t 35 RO CLRY .



proof. Do See the mechanism . we conld considler the case of n=3. 1k
Theorem4. 5 1s 2 t0 L. Hence, we have a shorb exadt Sequence
i e %
| = 2, — S?m(n) = S0 — .
pmf $had) = 1,41
PueR® = cuzur VueR" » ceR. B 1oz > 0= 1)

e £ (1d), 2 (o) =Lld > Gl9w=u

SEAUR VL TTES §
“efoq‘ﬂ’ Slo1= g = AV by lemmal . Since %05 a /volmmvrfhism, D 0= LU~ Uy .

Nexb, we oliscuss some topological properties of Spintn .

Lemmas. Let ue g™ oeChny, then lusl = [oul= Inl el
Theorem b. Srfn(n) 75 wonnected (n23) and oomraot. Thus, 3t is an embedded Lie subgm«? of Clin

“ijl let a= a - ameSr;,.w, with & in the uait sfhm, of R". Jince the srhere % connected,
Hence o tan be wonnected o

we. moy tonnech every ba by a ‘}zatA wilt) 90 e
€ & (m times) , which 7 z/ . Thus we need 1o comect 1 ond -I. We use t/w, 7at/»

Yir = (033t e+ sinkt @) Cws3t e tsinst e)

= st + Sinit g e,
Yw=-, and we have shown connectedness of

This path is connected. 7n Spint and M)sfjes Yio)=|

.9?inlm for na2.
compact T compach = Mosg’ol + bounded (b/ lemmas)

eah v e S?imn) can be written a8 T= Ui U KN,

claim. :
(2% o
denste T %oie) . then TeSOm. T=Ady> 2 Aduy = SolUi by )= §ot0) | sk 2n
LRE ;
= o0 U )=l 2D T Y =t =2 0= LU Uy
Choose o Sequence o] = ff’inun. = Ul en
rm e _ 6 @)
= ‘M,‘ W M)’_
LRV i R P
Ejxae||
U U - Yox & Srinéh).

> Spin i osed w0 LYfim 2 Spinin) 38 o Lie Subﬁmwr af Cl*m



Theorem]. %, isatarobgimb covering  map. For n33, % s a wniversal covering map.
proof. * we need that $. is o local fwmwmr?hism. b suffices prove that ob 21, Take olisjoint compact
Mig/tbw/wn“ Us of t1 S]n'ntn) with U-=-1- U and , Sinee % is 2t 1 and furjedn‘ve, we
have 2| 9173,.00\ (Wrvu)] = S0\ LlUr) = Giun s open Vv
* Lemma : EveVy tlosed l/onr n S0n) , na2 s /wm#u}‘)io o oa I/W? in S02)xIna.
poof. 0 To.d— §0m Qo= 0, as3. we re,gularize 04) 10 a piecewise c” map.
Then the curve (0Wen:te D021] is of measure 0 in 8™, 99 we can Chwse ¢S Such that
19& {om: te lo0]. Let 0 € SOin) map T toen. Sine SO 7y connected, owy Lovf 7
homotwpic o the lovp B 0e0H = D1, andl Olent ten, bt. Hence
0en= €n tos Bt + it Sinfn
with wniquely oleterminesl continuows Gt € (0.2) and fi e S™ orthogonal 0 ea.

Denote by 021t.9 the yotaton by the m‘glz -30t) i the ex$w plone.

W RIGIRIIET . |
0 g [v0so -« sing%nl[ 0 g‘(ﬂ
(e Sz (e ea) | P Joqgeen| 0 7 [ 1
0| $¥ @6 sinogal | 0 4%
e :95:.03‘&»‘" -s:neg?f Cos® )
([ 5ing g cosg iy
=(e-—- ¢ . :
" Sin0 g 0ot i
\ (058 ~5in@
[RABARBI R 6% [ ossh - D -SinSer S

« 1

0 SR, ZO RN T
. \ n-
[ Sin3Og -~ SinSOMTH (oSS Bk J

[ cosuy - 0 -Sind g [ Stasino

0.(6.1) (&n om0 + 4w SiniH ) = ‘ ‘ '
0 - &0 ~sinom s || N smpu)

) \ "\
(sinengi - snpwgin  cost || omow |

= én
= 0ut.00w which leaves e, -F.‘-xeol, the Llemma 75 then aneol by nduction .



t Spininl na3 3 simply connected.
Let 1 UﬂbS‘PTn(m. Alo=1=-1, be lmr Then t = %up) 5 & Luur in Som) .
Ham)= G010 By the above lemma . there is 4 homatopy 1o a brop i
to Omxla whee O e 3000 consists of otation in & by the angle ake.
Wk can h‘ft the homotnyy tv one In S?n‘nth) aonn.wh‘rg the given Laor 0 (/oo]b

t+ (1.0..0) -(wszkt, —Sinzkt, 0, v, 0). K 45 ewen.
€ Uw)

m‘flk L?i lﬁﬁm%i CoSzakt Sin2akt 391&‘71

“Sinzzkt  Codsrkt

Ina =01)

'7]5: ‘?ote.wﬂ): Olﬂ
Glawn) €= eum & (Qud)”' = eiume, wH e = 8 W e (- WH) (-ey)
=6 (tos 2kt € - Sinakt ey ) €, (toszkte —Shakt ez) €
= (ukt e + Sinzakt e,
Oth & = (oszakbe + Sin2zkt €2 = %eum) e = O e
@*% gk %ieum &= Ome,

4(ewh) e; - GwHei W e, = € (wsakbe - sinakte)e; (tszkte -5inzkt e e,

(-ooszlkt - Sin 2kt € e2) & (L05AkT tSinzkt €, e2)

(- o352kt -Sin2kt e ex)(-toszkt+ Sin 2kt €1@2) €;

T e, 123,
Owe: = e i7) = Dlan) & = Owe . is.
=2 Zleum)=z O
When na3 o homotapy o o constant var is given by
(£.8) 1= (1.0,.0) (wsLasoosakt, ~wsizs sinakt, Sindzs, o . 0)
Where teT00).seTo.0, Hence Spinim 75 Simply connected.
Remark: Aza. Spiniz) is d-ﬂeomvfhic to ' YV ES

Hence . the theorem s False for =2,



Theorem. [he Lie a{?ebm Vf Spincar 3 sfinmha«?m: 47Mﬁ¢-‘@'~"‘jl‘
?mrf, 37 to?okgy ﬁwovy, olim .9rin(n): olim SO = —4‘—";1 > odim s/fmmw —"-‘?l
w Suffices to fnve that Aim < $fintn).
construk a C° cune, Vo= (it o+ 9:»-12&)(—005% e+sinke)
= st + Sint ee;
Yoz |. Yi=ee, V #
Finally_ we ohiscuss Some  Srmooth jm;?em‘es of %o .
Theorem: %, is smooth . (d$) : 7mm—> somi , where Vaw) W= L WW- WV
(ol%)iceiej) = 2 eine;

'IMOf Ad 2 - Aug (Chm)

V) U ] €MLedo/eo/
% Spinm— Soun)

= $ 15 Smooth.
(ol 4o).(e:85) = % lt» Foo¥it) Yt = Cosh 1 SinG e:¢; Yo |
> (d4): L& g)um) = A Folven) (wi= iblt;v Yy uy'le) = Yio  uY o) + Yo b ) ez f&‘eju- ueie
> (dg), (i) = 2einej . 2@ (Tuv]) = usv. #
Theorem 4 is o Local ol'rﬂaomvfhirm and Smooth 2 4o | wmrinj.
1)mf % Lie qroup /wmmnfhism > % consbast rank & (d4.), s Mnﬂ'ﬂjular.
= % is o local d,i-ﬂeomov]d»im "+ 8 4 a to‘(obogiwb wverinj maf).*‘

*‘ . .
2% isa smooth covering map 4

®
CAifford  Modlule
Def. Lot & 35 a field, k oo a field, 33 beck. Let V bea k-vectr sppe. § k- quadratic fom on V.

let W bea k-vector spaca . A K-rerremtation of CLv.g) on W 35 a k- algebra /wm»mf/:}sm,
pr UW.4) = Endy W
then W 3s called o Clifford  module



SPIN GEOMETRY 3

LITTLE PRINCE

1. CLIFFORD MODULE

Definition 1.1. Let k is a field, K also a field, s.t.k C K, Let V be a k-vector space,
q k-quadratic form on V. Let W be a K -vector space. a K -representation of Cl(V,q)
on W is a k-algebra homomorphism,

(1.1) p:ClUV, q) — Endg(W).
W is called a Clifford module.

want: establish a algebra isomorphism between CI¢(V) and Endc(S).
q what is CI%(V)?

Let V be a n = 2m dimensional real inner vector space, assume that eq,--- ,e, is a
basis of V. Let V* be the complexification of V. We now extend the scalar product
(-,-) from V to V as a Hermitian product, i.e.

(1.2) <Z aieia26j6j> = Z%‘B@',
i=1 j=1 i=1

for S PR 7(1/717/317"' 7/8716@' Set

(1.3) W = span™{m, -+ 1},

where 7; = \/Li(egj_l — legj). Set

(1.4) W = span™{i, -+, 1jm},

then we have

(1.5) Vi=waw.

Set

(1.6) QRVE=Petvt,
k>0

where @*VC = {k order complex-valued, real linear function on V'}. Set
(L7) H = wi®@v+|lul)® 2w,z e@VE v eV meN,}.
i=1

We define
(1.8) CIc(v) =QVE/HE.
1



2 LITTLE PRINCE

We have

mv@uv+|lv]]) =0, for all v € VE & eiej +eje; = 0,0 < j, and €2 = —1.
Definition 1.2. The spinor space S is defined as the exterior algebra AW of W.

v=w+w eWaeW,secS =AW, define

p(w)s := v/2e(w)s, € : exterior product ;

p(w')s := —/2u(w')s, ¢ : interior product .
p:VE — Endc(A\W) is a linear map, then p extends uniquely to an algebra homo-
morphism j: @ VCE — Endc(A\W).
Claim: €(1,)e(7;) + e(7;)eln;)) = 1d, and. e(n,)e) + e(i)ens) = 0, for j 1.
It is easy to verify that

plei)p(es) = 1d, p(ei)p(e;) + plej)p(ei) = 0.
= p reduces to an algebra homomorphism p : CI%(V) — Endc(A\W).
Note that p: CI®(V) — Endc(/\ W) is surjective. Indeed, we have
Py M Tl Ty i) (Wi iy, ) = const =y =+ -y,
and p(Mi, - M- w1 - Dy - - - 7, ) Mmaps all other basis vectors of A\ W to zero.
We know CI®(V) and Endc(/\ W) have the same dimension.Hence, we have the
following theorem.

Theorem 1.1. If n = dimgV is even, CIS(V) is isomorphism to the algebra of
complez linear endomorphisms of the spinor space S or S,.

For the sequel, we need to choose an orientation of V, i.e. select an orthonormal
basis {e1,--- ,e,} of V being positive.

Definition 1.3. Let {e1, -+ ,e,} be a positive orthonormal basis of V. The chirality
operator 1s

(1.9) [=i" e, € CI°V)
with m = 5 for even n, m = "T“ for odd n.

Remark 1.2. [t is easy to check that T" is independent of the chosen positive or-
thonormal basts.

® 11 — Min; = 2iegj_1e95, we have I' = 27" (mm — mim1) -+ (Tl — Tl ) -
o p(I') = (=1)"(e(m)e(m) — e(m)e(n)) - - (€(hm) e(1hm) — t(17m)€(Thm));
p(T) = (—1)* on A'W.
Set ST: elements of even degree; S™: elements of odd degree.
Claim:
1. Spin(n) leaves the spaces ST and S~ invariant;
2. the representation p : Spin(n) — Endc(S™) is irreducible.
3. multiplication by a vector v € V, exchanges ST and S~.



SPIN GEOMETRY 3 3

Proof. To see the mechanism, let us just consider some case.
1. assume that 71 > 1,

(L.10)p(ere2)(miy A=+ Amiy,) = (elm) — ¢(n))i(e(m) + () (Mg A=+ A iy,
(1.11) = =iy N AN g,

2)perea)(niy A  Amiy,) = (€(m) — e(m))ie(nn) + e(m)) (i, A+ A iy,

1.1
113) = i’]’h/\.../\rrh2k

4)plezes)(niy N+ Amiy) = (e(m) + e(m))i(e(n2) — e(2)) (i A= A iy,

(
(
2. assume that 7; > 3,
(1.1
(1.15) = A AN Ay,

plezes) (@l Amig A Ay ) = (e(m) + e(m))ie(nz) — e(7))(m Ana Amig A -+

(117 = i A A,
3. assume that i; = 1,
(1.18) plen)(Miy A v e s Aig) = =iy A v e+ A gy,
assume that 7; > 1,
(1.19) plen) (i Aw s Aig) = 00 Al A= e+ Ny

O

Definition 1.4. The above representation p of Spin(V) on the spinor space S is
called the spinor representation, and the representations on ST and S~ are called half
spinor representations.

Odd dimensioanl?
Proposition 1.3. If dimgV =n = 2m+1, then CI(V) ~ Endc(Sam)® Endc(Sayy).

Definition 1.5. If dimgV = n = 2m+1, the complex spinor representation is defined
to be the projection onto the first component of the corresponding isomorphism.

The scalar product (-,-) from V to VC extends to A\ V by letting the monomials
ei, N ANej, 1 <3 <---4 < n, constitute an orthonormal basis.
Claim: (p(e;)s, p(e;)s’y = (s,5), Vs,s € AW. Of course, this then holds more
generally for every v € V' with ||v|| = 1, and also for products vy - - - v with ||v;|| =1
for y =1,--- k. This implies

Corollary 1.4. The induced representation of Spin(V') on Endc(S) preserves the
Hermatian product.

Corollary 1.5. {p(v)s,s’) = —(s,p(v)s'), Vs, s e A\W,v e V.

A nizk)



4 LITTLE PRINCE

2. CONNECTIONS

Definition 2.1. Given a Lie group G, a G-principal fibre bundle is a triple (P, 7, M)
such that (i) m: P — M is a smooth map between finite dimensional smooth mani-
folds.

(17) G acts smoothly and freely on P from the right, i.e. the action P x G — P
satisfies pg = p if and only if g=c € G.

(1i1) For every point x € M, there exists an open neighborhood U C M and a diffeo-
morphism, called local trivialisation, v : U x G — w=1(U), s.t.

ToY(y,9) =y,Y(y,9) € U X G, and Y(y, g)h = ¥(y, gh),Vh € G.

Definition 2.2. Let w : P — M be a principal bundle, a connection 1-form w is an
element in Q'(P) ® g, where g is Lie algebra of G, s.t.

(1) Ry(w) = Ad(g~") ow for any g € G.

(2)

(1) e

st -
t=0

for anyv € g,p € P.

Definition 2.3. Let 1 : P — M be a principal bundle, a connection 1-form w 1is
a distribution of n-dimensional vector spaces p — H, C T, P, the horizontal spaces,
such that (i) T,P =V, & H,, where V,, = ker(m.,), the vertical space V,,.

(1) it is G-invariant, i.e. Hp, = (Ry)wp(Hp).



SPIN GEOMETRY 4

LITTLE PRINCE

1. PRELIMINARY

Theorem 1.1. Let m : P — M be a G-principal bundle, let w be a connection 1-form,
let p: G — GL(V) be a representation of G, where V' is a vector space, then we have
a induced connection on the associated vector bundle P x, V.

Proof. § what is P x,V? Given a representation p : G — GL(V) of G, we can define
a action of G on V:

(1.1) G xV = V. (g,0) = p(g)(v).
We construct the associated vector bundle £ — M with fiber V' as follows:
We have a free action of G on P x V from the right:

PxV xG—PxV
(pav) g — (p ' g7p(gil)v)'
If we divide out this G-action, i.e. identify (p,v) and (p,v) - g, we obtain the quotient

space P x, V. Set 7 : P x,V — M, st. @([p,v]) = m(p). Given p € P, denote
z = 7t(p), then p induces a natural map ¢, : V. — 7 1(p):

(1.2) Pp(v) = [(p, )]
We can verify that P x,V is a vector bundle.

9 Now, in order to define the connection on P x,V', we need the following proposition.

Proposition 1.2. Let H be a connection on P, x € M, let v : (—e,e) — M be a
smooth curve, set v(0) = z, then for every p € w'(x), there exists a smooth curve

51 (—6,) = P uniquely, s.t. 5(0) = p, 7(3(1)) = (1), and 7(t) € H(3(1)).

9§ assume that s is a local section of P x,V, z € M, X € T, M, take a smooth curve
v : (—€,€) = M such that v(0) = z,7/(0) = X. By the above proposition, for every
p € 7 1(x), there exists a smooth curve 7y : (—¢,€) — P, s.t. 3(0) = p, 7(3(t)) = ~(¢),
and 7/(t) € H(3(t)).

(1.3) s(v(t)) = [(3(2), v(t))];

where v(t) is a smooth curve in V. Set

(1.4) Vxs = [(p,v'(0))].
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2. CLIFFORD BUNDLE

Let 7 : E — M be a oriented vector bundle, let P = Pgo(E) be the frame bundle
over E with fiber SO(n). SO(n) acts on CI(R™) simply by extending the action of
SO(n) on R™. Thus, P induces the Clifford bundle:

(2.1) Cl(P) = P xsom) Cl(R").
Lemma 2.1. For smooth sections o, 7 of Cl(P) we have
(2.2) V(eT) =V(o)T 4+ aV(7).

Proof. assume that x € M, X € T, M, take a smooth curve v : (—¢,€) — M such that
v(0) = z,7(0) = X. For every p € 7 !(x), there exists a smooth curve 5 : (—¢,€) —
P, st 3(0) = p, 7(5(8)) = (1), and (1) € H(1).

(2:3) o(y(1)) = [(Y(), v(@))], 7(v(£)) = [(Y(#), w())],
where v(t), w(t) is a smooth curve in V.

Vx(or) = | o)

(2.4)

(2.5) [p, v'(0)w(0) + v(0)w'(0)]

(2.6) = [p,'(0)][p, w(0)] + [p, v(0)][p, w'(0)]
(2.7) = Vxo-7(z)+o(z) Vxr.

3. SPINOR BUNDLE

Definition 3.1. Let 7 : E — M be a oriented Riemannian vector bundle with rank
n, a spin structure on E is a Spin(n)-bundle Psyinmy over M, and there exists a map

§: Pspinn) — Pso(E), such that f((PSpin(n))w) = Pso(E), and {(og) = &(0)&(g),

where o is a smooth section of ¢ € Pspinm) and g € Spin(n).
Theorem 3.1. Let w be a connection 1-form on Pso(E), we define
(31) Wspin(n) = (d&))l_l o (§*w)

Then Wspinmn) s a connection 1-form on Pgpin(n)-

Remark 3.2. 7: Pso(E) — M, (7= 1(U); 2%, A%) is a local coordinate of Pso(E), we
define a form on Pso(E). Ve, = wley,.

(3.2) O = (A71)e(dAg + 7" (wg) A7).
assume that s = e - A, then we have

(3.3) Vs, = (A_l)lc’(dAZ + wflAg)sb.
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Proof. q R;(wgpm(n)) =Ad(g7%) o Wspin(n) for any g € Spin(n).
assume that n € T,P,p € P,

(34)  Ry(wWspinm) () = Wspin(m) ((Fg)+(n))

(3.5) = (d&o)1" o (€"w)((Ry)x(n))

(3.6) = (déo)i H(w(€ 0 Ry)u(m))

(3.7) (d€o)7 " (w(Reo () © §)+(m))

(3.8) = (d&)7 (R qyw(&(n))

(3.9) = (d&)7 " (Ad(&(g9) ) (w(&(n))

(3.10) = (d(ad(&(g)) 0 &)™ (w(&(n)))

(3.11) = (d(&oad(g))) N (w(&(n))) & is a homomorphism
(3.12) = Ad(g™")(d€o) " o (£'w)(n))

(313) - Ad(g l)owSpm(n)(n)

9 Wspinn)p (% ) p - exp(tv)) = v, where v € spin(n).

s (| o)) = @arto e w>(jt )
(3.15) = (d&);'ow ) S(p-eXp(tv)))
3.16) ~ () ow( €l Golexn(t)
317) = et ow( G ) Ewitdan))

(3.18) = (dfo)l o (d&o)1(v)

O

Now, we assume that W is a Clifford module with p : Cl(n) — End(W), then we
have the following restriction map

(3.20) p: Spin(n) — GL(W)

Thus, we have F' = Pspinn) X, W. By theorem 1.1, we have the induced connection
on F. We need to calculate its concrete form.

Let x € M, X € T,M, let v : (—e,¢) — M with v(0) = z,7/(0) = X. Take
p € 7 (), there exists a curve 7 : (—¢,¢) — P such that

(3.21) Y(0) = p,m(F(t)) = (), 7' (t) € H5q).
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Let [(o,w)] be a local section of F', where o is a local section of Pgpin(n) such that
o(x) = p. Thus, there exists a curve g : (—¢,€) — Spin(n) such that

(3.22) 9(0) = e,a(7(t)) =7(t) - g(¢).
We calculate

323)  Vxllow)] = VxH),plolt)(w)
(3:24) = [Pl (©))(w))]

d ,
(3.5 = (ol (|- eptes o)) )
(3.26) = [(p, p(wspmm)(% P g(t)>(w))]

a| . y
(327 = (ol (5| 3090 =70 ) )
(3.29) = [0 pl(d8)7 " o (€) o (X)) )]
(3.29) = [ (@)1 o (") (X)) (W) set 5 = €00
(3.30) = [ plldE); (= 2 A (X)zi A 2y (w)]
(3:31) = 3l e )
(332 = S (e e )
(3.33) = YDl ()] [ 0)]
(339 = 3>l Xes((pw)
where (w}) is the connection form of E w.r.t s, {e;} is a local orthonormal frame field

of E. Here, we used E = Pgo(FE) X,y R" 2 Pgpinm) X¢, R". Indeed, assume that
(e1,++ ,ey,) is a local frame of F, we have

Ulel +oee Unen A [(617 e aen)Aa A_l(vla o ,,Un)T] < [Uga §0(9_1>(Ul7 e 7vn)T]
where (o) = (e1,- -+ ,e,) and &(g) = A. Hence, we obtain that
1 ,
(3.35) Vo =3 weesp,
i<j

for any local section ¢ of F.
Now we claim

(3.36) V(s-¢)=Vs-p+s- Vo,

where s is a smooth section of Psyinm) X¢, R" and ¢ is a smooth section of F'.



SPIN GEOMETRY 5

We can also calculate the curvature operator on F"
1
(337) R(X7 Y)SO = §Z<R(X> Y)@i,6j>€i6j30.
i<j
for any local vector fields X,Y on M and local section ¢ of F.

Proof. Let x € M, X,Y € T, M, assume that [X,Y](x) = 0 where X,Y are local
smooth vector field with X (z) = X, Y (y) =Y, and (e, - ,e,) is a local frame of £
with Ve; =0 forany 1 =1,--- ,n. 0
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LITTLE PRINCE

1. THE DIRAC OPERATOR

Definition 1.1. Let (M, g) be a oriented Riemannian manifold, we say that (M, g)
1s a spin manifold if there exists a spin structure P — M on T'M. We also say that
P — M is a spin structure on M.

Definition 1.2. Let P — M be a spin structure on the oriented Riemannian man-
ifold M, with Levi-Civita connection and even dimension. p : Spin(n) — GL¢(S™).
Consider the spinor bundle

(1.1) S, =P x,5,.
The Dirac operator @) operates on sections ¢ of the spinor bundle S, via

(1.2) Po(p) = eiVep

where {e;} is an orthonormal basis of T,M and here we used the vector isomorphism
TM = Pspm(n) X¢o R™.

Remark 1.1. Odd dimensional?

If dimgV = n = 2m + 1, then CI®(V) ~ Endc(Som) ® Endc(Say), the complex
spinor representation is defined to be the projection onto the first component of the
corresponding isomorphism.

Lemma 1.2. The Dirac operator @ do not depend on the choice of an orthonormal
frame e;.

Proof. Any other such frame { f;} can be obtained as e, = al f; for some (a’) € SO(n).
Then

(13 aVlow)] = (pa)lplealrw)]

(14 = Lok F)(p, enciesw)]

(15) = LB, ke[, e [(p, ale, l(p. w)
(16) = B foll(p,w)

(17 = V4l w)
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Lemma 1.3. Let M be even dimensional, and let ST be the half spinor bundles for
a spin structure on M. Then the Dirac operator § maps I'(SE) to I'(S7F).

Recall that on the spinor space S,,, we have a pointwise Hermitian product (-, -) (invariant
under Spin(n)). We suppose now that M is compact. We may then form the associ-
ated L? product

(18) (o1, ¢2) = /M (01(2), pal))do.

where @1, @2 are smooth sections on S,,.

Lemma 1.4. V is compatible with the (-,-):

(1.9) Vix(p1, 2) = (Vxer,02) + (01, Vxpa).

for any smooth vector field X on M and smooth section @1, ps on S,.

Proof. Let x € M and X € T, M, take a smooth curve 7 : (—¢,e) — M such that
7v(0) = x,7'(0) = X. For every p € 7~ 1(x), there exists a smooth curve 7 : (—¢, €) —
P, st. 3(0) =p, 7(3(t)) = v(t), and ¥'(¢) € H(¥(t))-

(1.10) e1(7(8)) = [(V(8), ()], p2(7(8)) = [(V(8), w(t))],

where v(t), w(t) is a smooth curve in V.

(111 Vilene) = G| 0.u0)
(1.12) = (Vxpr1,92) + (o1, Vxipa).

0

Lemma 1.5. Let M be a compact Riemannian manifold with a spin structure. Then
the corresponding Dirac operator @ is formally selfadjoint, i.e.

(1.13) (o1, 02) = (01, P2

for any smooth section @1, ps on S,.

Proof. Let x € M, and choose a orthonormal local frame e;, we then have Ve; = 0 at
x

We then have

(1.14) (D1, 02) = (eVe, 01, 02)

(1.15) = —(Vep1,eip2)

(1.16) = —ei(p1, eip2) + (o1, Ve (€i02))

(1.17) = —ei(p1, €ip2) + (o1, Ve, (i2))

then at x, we have

(118)  (Dor(x), p2(x)) = —eilpr(w), eipa(2)) + (p1(x), Ve, (€i02) (7))
(1.19) = —ei(p1(2), eip2(7)) + (p1(2), Ve, 02(2))

(1.20) = —ei(p1(), eipa()) + (p1(x), Poa(z)).
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We now consider V¢ = (1, e;02) as the i" component of a vector field V (in fact V
is a complexified vector field, i.e. a section of TM ® C). The preceding formula then
becomes

(1.21) (Bo1, p2) = —divV + (o1, Ppa).
0

Corollary 1.6. On a compact spin manifold M, §p = 0 for a smooth section ¢ on
S, if and only if PP = 0.

Theorem 1.7. Let M be a spin manifold with a local orthonormal frame field {e;}.
Then the Dirac operator §) satisfies

1
(1.22) P =-V.V. + 1B

where R is the scalar curvature of M.
Proof. Let x € M, and choose a orthonormal local frame e;, we then have Ve; = 0 at
x .

We compute, for a spinor field ¢, at z,

(1'23) @zgp = ejvej((eivei)(p)
(1.24) = €;e;Ve, Ve,
(125) = —Veivei@ + Z ejei(vejvei - Veivej)(p

i<j
(1.26) = Ve Voot eieiR(e) e)p

i<j
Recall that

1
(1.27) R(e;, e;) = 3 Z(R(ei,ej)ek, er)exer,
k<l
then
1
(1.28) = Z Z (€i,€))ek, er)eejepe; = 3 Z (R(e;, e))er, er)eiejexer,
1<j k<l lj7k7l

If 7, 7, k are all distinct,
€i€j€r = €;€LE; = €LEC;
, and the first Bianchi identity implies in this case that
R(ei,e;)er + R(ej, er)e; + R(eg, e;)e; =0
. The remaining terms are

ig R(ei, e;)e;, eneieeier + R(e;, ej)ej, e)eejeje) = ——Z (€i,e5)e;, eneie

1,5, 2,7,

1
1. _ R
(1.30) 1F
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2. PROOF OF THE THE LICHNEROWICZ VANISHING THEOREM

Let (M, g) be a connected, compact, oriented and even dimensional spin manifold,
the scalar curvature R of M is nonnegative and not identically zero. By lemmal.3,
we can define §" as the restriction of @ to I'(S;), and @ similarly. Then index (9
) = dimker @* — dimker ¢

Theorem 2.1. Let (M, g) be a connected, compact, oriented and even dimensional
spin manifold, the scalar curvature R of M is nonnegative and not identically zero,
then A(M) =0, where A(M) is a topological quantity.

Proof.
(2.1) 0 = /@zww
M
1
(2.2) = /—Veiveigo'goJr—Rgf
u 4
1
(23) = [ Ve R
u 4

= Vp =0, i.e. ¢ is parallel. Since the scalar curvature R of M is nonnegative and
not identically zero, then ¢ = 0. O



