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SPIN GEOMETRY 3

LITTLE PRINCE

1. Clifford module

Definition 1.1. Let k is a field, K also a field, s.t.k ⇢ K, Let V be a k-vector space,

q k-quadratic form on V . Let W be a K-vector space. a K-representation of Cl(V, q)
on W is a k-algebra homomorphism,

(1.1) ⇢ : Cl(V, q) ! EndK(W ).

W is called a Cli↵ord module.

want: establish a algebra isomorphism between Cl
C(V ) and EndC(S).

¶ what is Cl
C(V )?

Let V be a n = 2m dimensional real inner vector space, assume that e1, · · · , en is a
basis of V . Let V C be the complexification of V . We now extend the scalar product
h·, ·i from V to V

C as a Hermitian product, i.e.

(1.2) h

nX

i=1

↵iei,

nX

j=1

�jeji =
nX

i=1

↵i�̄i,

for ↵1, · · · ,↵n, �1, · · · , �n 2 C. Set
(1.3) W = span

C
{⌘1, · · · , ⌘m},

where ⌘j =
1p
2
(e2j�1 � ie2j). Set

(1.4) W̄ = span
C
{⌘̄1, · · · , ⌘̄m},

then we have

(1.5) V
C = W � W̄ .

Set

(1.6)
O

V
C =

M

k�0

⌦
k
V

C
,

where ⌦
k
V

C = {k order complex-valued, real linear function on V }. Set

(1.7) H
C = {

mX

i=1

wi ⌦ (vi ⌦ vi + kvik)⌦ zi : wi, zi 2

O
V

C
, vi 2 V

C
,m 2 N+}.

We define

(1.8) Cl
C(V ) =

O
V

C
/H

C
.

1



2 LITTLE PRINCE

We have

⇡(v ⌦ v + kvk) = 0, for all v 2 V
C
, eiej + ejei = 0, i < j, and e

2
i = �1.

Definition 1.2. The spinor space S is defined as the exterior algebra
V

W of W .

v = w + w
0
2 W � W̄ , s 2 S =

V
W , define

⇢(w)s :=
p
2✏(w)s, ✏ : exterior product ;

⇢(w0)s := �
p
2◆(w0)s, ◆ : interior product .

⇢ : V C
! EndC(

V
W ) is a linear map, then ⇢ extends uniquely to an algebra homo-

morphism ⇢̃ :
N

V
C
! EndC(

V
W ).

Claim: ✏(⌘j)◆(⌘̄j) + ◆(⌘̄j)✏(⌘j)) = Id, and ✏(⌘j)◆(⌘̄l) + ◆(⌘̄l)✏(⌘j) = 0, for j 6= l.
It is easy to verify that

⇢(ei)⇢(ei) = Id, ⇢(ei)⇢(ej) + ⇢(ej)⇢(ei) = 0.

) ⇢̃ reduces to an algebra homomorphism ⇢ : Cl
C(V ) ! EndC(

V
W ).

Note that ⇢ : Cl
C(V ) ! EndC(

V
W ) is surjective. Indeed, we have

⇢(⌘i1 · · · ⌘ik ⌘̄1 · · · ⌘̄m⌘1 · · · ⌘m⌘̄i1 · · · ⌘̄ik)(⌘i1 · · · ⌘ik) = const · ⌘i1 · · · ⌘ik ,
and ⇢(⌘i1 · · · ⌘ik ⌘̄1 · · · ⌘̄m⌘1 · · · ⌘m⌘̄i1 · · · ⌘̄ik) maps all other basis vectors of

V
W to zero.

We know Cl
C(V ) and EndC(

V
W ) have the same dimension.Hence, we have the

following theorem.

Theorem 1.1. If n = dimRV is even, Cl
C(V ) is isomorphism to the algebra of

complex linear endomorphisms of the spinor space S or Sn.

For the sequel, we need to choose an orientation of V , i.e. select an orthonormal
basis {e1, · · · , en} of V being positive.

Definition 1.3. Let {e1, · · · , en} be a positive orthonormal basis of V . The chirality

operator is

(1.9) � = i
m
e1 · · · en 2 Cl

C(V )

with m = n
2 for even n, m = n+1

2 for odd n.

Remark 1.2. It is easy to check that � is independent of the chosen positive or-

thonormal basis.

• ⌘j ⌘̄j � ⌘̄j⌘j = 2ie2j�1e2j, we have � = 2�m(⌘1⌘̄1 � ⌘̄1⌘1) · · · (⌘m⌘̄m � ⌘̄m⌘m).
• ⇢(�) = (�1)m(✏(⌘1)◆(⌘̄1)� ◆(⌘̄1)✏(⌘1)) · · · (✏(⌘m)◆(⌘̄m)� ◆(⌘̄m)✏(⌘m));
⇢(�) = (�1)k on

Vk
W .

Set S+: elements of even degree; S�: elements of odd degree.
Claim:
1. Spin(n) leaves the spaces S+ and S

� invariant;
2. the representation ⇢ : Spin(n) ! EndC(S+) is irreducible.
3. multiplication by a vector v 2 V , exchanges S+ and S

�.
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Proof. To see the mechanism, let us just consider some case.
1. assume that i1 > 1,

⇢(e1e2)(⌘i1 ^ · · · ^ ⌘i2k) = (✏(⌘1)� ◆(⌘̄1))i(✏(⌘1) + ◆(⌘̄1))(⌘i1 ^ · · · ^ ⌘i2k)(1.10)

= �i⌘i1 ^ · · · ^ ⌘i2k(1.11)

⇢(e1e2)(⌘i1 ^ · · · ^ ⌘i2k) = (✏(⌘1)� ◆(⌘̄1))i(✏(⌘1) + ◆(⌘̄1))(⌘i1 ^ · · · ^ ⌘i2k)(1.12)

= i⌘1 ^ · · · ^ ⌘i2k(1.13)

2. assume that i1 � 3,

⇢(e2e3)(⌘i1 ^ · · · ^ ⌘i2k) = (✏(⌘1) + ◆(⌘̄1))i(✏(⌘2)� ◆(⌘̄2))(⌘i1 ^ · · · ^ ⌘i2k)(1.14)

= i⌘1 ^ ⌘2 ^ · · · ^ ⌘i2k(1.15)

⇢(e2e3)(⌘1 ^ ⌘2 ^ ⌘i3 ^ · · · ^ ⌘i2k) = (✏(⌘1) + ◆(⌘̄1))i(✏(⌘2)� ◆(⌘̄2))(⌘1 ^ ⌘2 ^ ⌘i3 ^ · · · ^ ⌘i2k)(1.16)

= i⌘i3 ^ · · · ^ ⌘i2k(1.17)

3. assume that i1 = 1,

(1.18) ⇢(e1)(⌘i1 ^ · · · ^ ⌘i2k) = �⌘i2 ^ · · · ^ ⌘i2k ,

assume that i1 > 1,

(1.19) ⇢(e1)(⌘i1 ^ · · · ^ ⌘i2k) = ⌘1 ^ ⌘i1 ^ · · · ^ ⌘i2k .

⇤

Definition 1.4. The above representation ⇢ of Spin(V ) on the spinor space S is

called the spinor representation, and the representations on S
+
and S

�
are called half

spinor representations.

Odd dimensioanl?

Proposition 1.3. If dimRV = n = 2m+1, then Cl
C(V ) ' EndC(S2m)�EndC(S2m).

Definition 1.5. If dimRV = n = 2m+1, the complex spinor representation is defined

to be the projection onto the first component of the corresponding isomorphism.

The scalar product h·, ·i from V to V
C extends to

V
V by letting the monomials

ei1 ^ · · · ^ eik , 1  i1 < · · · ik  n, constitute an orthonormal basis.
Claim: h⇢(ej)s, ⇢(ej)s0i = hs, s

0
i, 8s, s

0
2

V
W . Of course, this then holds more

generally for every v 2 V with kvk = 1, and also for products v1 · · · vk with kvjk = 1
for j = 1, · · · , k. This implies

Corollary 1.4. The induced representation of Spin(V ) on EndC(S) preserves the

Hermitian product.

Corollary 1.5. h⇢(v)s, s0i = �hs, ⇢(v)s0i, 8s, s0 2
V
W, v 2 V .
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2. connections

Definition 2.1. Given a Lie group G, a G-principal fibre bundle is a triple (P, ⇡,M)
such that (i) ⇡ : P ! M is a smooth map between finite dimensional smooth mani-

folds.

(ii) G acts smoothly and freely on P from the right, i.e. the action P ⇥ G ! P

satisfies pg = p if and only if g = e 2 G.

(iii) For every point x 2 M , there exists an open neighborhood U ⇢ M and a di↵eo-

morphism, called local trivialisation,  : U ⇥G ! ⇡
�1(U), s.t.

⇡ �  (y, g) = y, 8(y, g) 2 U ⇥G, and  (y, g)h =  (y, gh), 8h 2 G.

Definition 2.2. Let ⇡ : P ! M be a principal bundle, a connection 1-form ! is an

element in ⌦1(P )⌦ g, where g is Lie algebra of G, s.t.

(1) R⇤
g(!) = Ad(g�1) � ! for any g 2 G.

(2)

(2.1) !p

✓
d

dt

����
t=0

p · exp(tv)

◆
= v,

for any v 2 g, p 2 P .

Definition 2.3. Let ⇡ : P ! M be a principal bundle, a connection 1-form ! is

a distribution of n-dimensional vector spaces p 7! Hp ⇢ TpP , the horizontal spaces,

such that (i) TpP = Vp �Hp, where Vp = ker(⇡⇤p), the vertical space Vp.

(ii) it is G-invariant, i.e. Hpg = (Rg)⇤p(Hp).
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LITTLE PRINCE

1. preliminary

Theorem 1.1. Let ⇡ : P ! M be a G-principal bundle, let ! be a connection 1-form,
let ⇢ : G ! GL(V ) be a representation of G, where V is a vector space, then we have
a induced connection on the associated vector bundle P ⇥⇢ V .

Proof. ¶ what is P ⇥⇢ V ? Given a representation ⇢ : G ! GL(V ) of G, we can define

a action of G on V :

(1.1) G⇥ V ! V, (g, v) := ⇢(g)(v).

We construct the associated vector bundle E ! M with fiber V as follows:

We have a free action of G on P ⇥ V from the right:

P ⇥ V ⇥G ! P ⇥ V
(p, v) · g ! (p · g, ⇢(g�1

)v).

If we divide out this G-action, i.e. identify (p, v) and (p, v) · g, we obtain the quotient

space P ⇥⇢ V . Set ⇡̃ : P ⇥⇢ V ! M , s.t. ⇡̃([p, v]) = ⇡(p). Given p 2 P , denote

x = ⇡(p), then p induces a natural map �p : V ! ⇡̃�1
(p):

(1.2) �p(v) = [(p, v)].

We can verify that P ⇥⇢ V is a vector bundle.

¶ Now, in order to define the connection on P⇥⇢V , we need the following proposition.

Proposition 1.2. Let H be a connection on P , x 2 M , let � : (�✏, ✏) ! M be a
smooth curve, set �(0) = x, then for every p 2 ⇡�1

(x), there exists a smooth curve
�̃ : (�✏, ✏) ! P uniquely, s.t. �̃(0) = p, ⇡(�̃(t)) = �(t), and �̃0

(t) 2 H(�̃(t)).

¶ assume that s is a local section of P ⇥⇢ V , x 2 M,X 2 TxM , take a smooth curve

� : (�✏, ✏) ! M such that �(0) = x, �0
(0) = X. By the above proposition, for every

p 2 ⇡�1
(x), there exists a smooth curve �̃ : (�✏, ✏) ! P , s.t. �̃(0) = p, ⇡(�̃(t)) = �(t),

and �̃0
(t) 2 H(�̃(t)).

(1.3) s(�(t)) = [(�̃(t), v(t))],

where v(t) is a smooth curve in V . Set

(1.4) rXs = [(p, v0(0))].

⇤
1

4
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2. Clifford bundle

Let ⇡ : E ! M be a oriented vector bundle, let P = PSO(E) be the frame bundle

over E with fiber SO(n). SO(n) acts on Cl(Rn
) simply by extending the action of

SO(n) on Rn
. Thus, P induces the Cli↵ord bundle:

(2.1) Cl(P ) = P ⇥SO(n) Cl(Rn
).

Lemma 2.1. For smooth sections �, ⌧ of Cl(P ) we have

(2.2) r(�⌧) = r(�)⌧ + �r(⌧).

Proof. assume that x 2 M,X 2 TxM , take a smooth curve � : (�✏, ✏) ! M such that

�(0) = x, �0
(0) = X. For every p 2 ⇡�1

(x), there exists a smooth curve �̃ : (�✏, ✏) !
P , s.t. �̃(0) = p, ⇡(�̃(t)) = �(t), and �̃0

(t) 2 H(�̃(t)).

(2.3) �(�(t)) = [(�̃(t), v(t))], ⌧(�(t)) = [(�̃(t), w(t))],

where v(t), w(t) is a smooth curve in V .

rX(�⌧) = [p,
d

dt

����
t=0

v(t)w(t)](2.4)

= [p, v0(0)w(0) + v(0)w0
(0)](2.5)

= [p, v0(0)][p, w(0)] + [p, v(0)][p, w0
(0)](2.6)

= rX� · ⌧(x) + �(x) ·rX⌧.(2.7)

⇤

3. spinor bundle

Definition 3.1. Let ⇡ : E ! M be a oriented Riemannian vector bundle with rank
n, a spin structure on E is a Spin(n)-bundle PSpin(n) over M , and there exists a map
⇠ : PSpin(n) ! PSO(E), such that ⇠((PSpin(n))x) = PSO(E)x and ⇠(�g) = ⇠(�)⇠0(g),
where � is a smooth section of � 2 PSpin(n) and g 2 Spin(n).

Theorem 3.1. Let ! be a connection 1-form on PSO(E), we define

(3.1) !Spin(n) := (d⇠0)
�1
1 � (⇠⇤!).

Then !Spin(n) is a connection 1-form on PSpin(n).

Remark 3.2. ⇡ : PSO(E) ! M , (⇡�1
(U); xi, Ab

a
) is a local coordinate of PSO(E), we

define a form on PSO(E). rea = !b

a
eb.

(3.2) ✓b
a
= (A�1

)
b

c
(dAc

a
+ ⇡⇤

(!c

d
)Ad

a
).

assume that s = e · A, then we have

(3.3) rsa = (A�1
)
b

c
(dAc

a
+ !c

d
Ad

a
)sb.
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Proof. ¶ R⇤
g
(!Spin(n)) = Ad(g�1

) � !Spin(n) for any g 2 Spin(n).
assume that ⌘ 2 TpP, p 2 P ,

R⇤
g
(!Spin(n))(⌘) = !Spin(n)((Rg)⇤(⌘))(3.4)

= (d⇠0)
�1
1 � (⇠⇤!)((Rg)⇤(⌘))(3.5)

= (d⇠0)
�1
1 (!(⇠ �Rg)⇤(⌘))(3.6)

= (d⇠0)
�1
1 (!(R⇠0(g) � ⇠)⇤(⌘))(3.7)

= (d⇠0)
�1
1 (R⇤

⇠0(g)!(⇠⇤(⌘))(3.8)

= (d⇠0)
�1
1 (Ad(⇠0(g)

�1
)(!(⇠⇤(⌘)))(3.9)

= (d(ad(⇠0(g)) � ⇠0))�1
(!(⇠⇤(⌘)))(3.10)

= (d(⇠0 � ad(g)))�1
(!(⇠⇤(⌘))) ⇠0 is a homomorphism(3.11)

= Ad(g�1
)(d⇠0)

�1
1 � (⇠⇤!)(⌘))(3.12)

= Ad(g�1
) � !Spin(n)(⌘).(3.13)

¶ !Spin(n)p

✓
d

dt

����
t=0

p · exp(tv)
◆

= v, where v 2 spin(n).

!Spin(n)p

✓
d

dt

����
t=0

p · exp(tv)
◆

= (d⇠0)
�1
1 � (⇠⇤!)

✓
d

dt

����
t=0

p · exp(tv)
◆

(3.14)

= (d⇠0)
�1
1 � !

✓
d

dt

����
t=0

⇠(p · exp(tv))
◆

(3.15)

= (d⇠0)
�1
1 � !

✓
d

dt

����
t=0

⇠(p) · ⇠0(exp(tv))
◆

(3.16)

= (d⇠0)
�1
1 � !

✓
d

dt

����
t=0

⇠(p) · (exp t(d⇠0)1(v))
◆

(3.17)

= (d⇠0)
�1
1 � (d⇠0)1(v)(3.18)

= v.(3.19)

⇤

Now, we assume that W is a Cli↵ord module with ⇢ : Cl(n) ! End(W ), then we

have the following restriction map

(3.20) ⇢ : Spin(n) ! GL(W )

Thus, we have F = PSpin(n) ⇥⇢ W . By theorem 1.1, we have the induced connection

on F . We need to calculate its concrete form.

Let x 2 M,X 2 TxM , let � : (�✏, ✏) ! M with �(0) = x, �0
(0) = X. Take

p 2 ⇡�1
(x), there exists a curve �̃ : (�✏, ✏) ! P such that

(3.21) �̃(0) = p, ⇡(�̃(t)) = �(t), �̃0
(t) 2 H�̃(t).
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Let [(�, w)] be a local section of F , where � is a local section of PSpin(n) such that

�(x) = p. Thus, there exists a curve g : (�✏, ✏) ! Spin(n) such that

(3.22) g(0) = e, �(�(t)) = �̃(t) · g(t).
We calculate

rX [(�, w)] = rX [�̃(t), ⇢(g(t))(w)](3.23)

= [(p, ⇢(g0(0))(w))](3.24)

= [(p, ⇢(!spin(n)

✓
d

dt

����
t=0

p · exp(tg0(0))
◆
(w))](3.25)

= [(p, ⇢(!spin(n)

✓
d

dt

����
t=0

p · g(t)
◆
(w))](3.26)

= [(p, ⇢(!spin(n)

✓
d

dt

����
t=0

�̃(t) · g(t)� �̃0
(0)

◆
(w))](3.27)

= [(p, ⇢((d⇠0)
�1
1 � (⇠⇤!)(�⇤(X)))(w))](3.28)

= [(p, ⇢((d⇠0)
�1
1 � (s⇤!)(X))(w))], set s = ⇠ � �(3.29)

= [(p, ⇢((d⇠0)
�1
1 (�

X

i<j

!i

j
(X)"i ^ "j(w))))](3.30)

=
1

2

X

i<j

!j

i
(X)[(p, ⇢("i)⇢("j)w)](3.31)

=
1

2

X

i<j

!j

i
(X)[(p, "i · "j · w)](3.32)

=
1

2

X

i<j

!j

i
(X)[(p, "i)] · [(p, "j)] · [(p, w)](3.33)

=
1

2

X

i<j

!j

i
(X)eiej[(p, w)](3.34)

where (!i

j
) is the connection form of E w.r.t s, {ei} is a local orthonormal frame field

of E. Here, we used E ⇠= PSO(E) ⇥⇢0 Rn ⇠= PSpin(n) ⇥⇠0 Rn
. Indeed, assume that

(e1, · · · , en) is a local frame of E, we have

v1e1 + · · · vnen $ [(e1, · · · , en)A,A�1
(v1, · · · , vn)T ] $ [�g, ⇠0(g

�1
)(v1, · · · , vn)T ]

where ⇠(�) = (e1, · · · , en) and ⇠0(g) = A. Hence, we obtain that

(3.35) r' =
1

2

X

i<j

!j

i
eiej',

for any local section ' of F .

Now we claim

(3.36) r(s · ') = rs · '+ s ·r',

where s is a smooth section of PSpin(n) ⇥⇠0 Rn
and ' is a smooth section of F .
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We can also calculate the curvature operator on F :

(3.37) R(X, Y )' =
1

2

X

i<j

hR(X, Y )ei, ejieiej'.

for any local vector fields X, Y on M and local section ' of F .

Proof. Let x 2 M,X, Y 2 TxM , assume that [X, Y ](x) = 0 where X, Y are local

smooth vector field with X(x) = X, Y (y) = Y , and (e1, · · · , en) is a local frame of E
with rei = 0 for any i = 1, · · · , n. ⇤
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1. The Dirac operator

Definition 1.1. Let (M, g) be a oriented Riemannian manifold, we say that (M, g)
is a spin manifold if there exists a spin structure P ! M on TM . We also say that

P ! M is a spin structure on M .

Definition 1.2. Let P ! M be a spin structure on the oriented Riemannian man-

ifold M , with Levi-Civita connection and even dimension. ⇢ : Spin(n) ! GLC(Sn
).

Consider the spinor bundle

(1.1) Sn = P ⇥⇢ Sn.

The Dirac operator @/ operates on sections ' of the spinor bundle Sn via

(1.2) @/'(p) = eirei'

where {ei} is an orthonormal basis of TpM and here we used the vector isomorphism

TM ⇠= PSpin(n) ⇥⇠0 Rn
.

Remark 1.1. Odd dimensional?

If dimRV = n = 2m + 1, then ClC(V ) ' EndC(S2m) � EndC(S2m), the complex

spinor representation is defined to be the projection onto the first component of the

corresponding isomorphism.

Lemma 1.2. The Dirac operator @/ do not depend on the choice of an orthonormal

frame ei.

Proof. Any other such frame {fj} can be obtained as ek = alkfl for some (alk) 2 SO(n).
Then

ekrek [(�, w)] = [(p, ✏k)]
1

4
!j
i (ek)eiej[(p, w)](1.3)

=
1

4
api !̃

q
pa

q
j(a

l
kfl)[(p, ✏k✏i✏jw)](1.4)

=
1

4
!̃q
p(fl)[(p, a

l
k✏k)][(p, a

p
i ✏i)][(p, a

q
j✏j)][(p, w)](1.5)

= fl
1

4
!̃q
p(fl)fpfq[(p, w)](1.6)

= flrfl [(�, w)](1.7)

⇤
1
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Lemma 1.3. Let M be even dimensional, and let S±
n be the half spinor bundles for

a spin structure on M . Then the Dirac operator @/ maps �(S±
n ) to �(S⌥

n ).

Recall that on the spinor space Sn, we have a pointwise Hermitian product h·, ·i(invariant
under Spin(n)). We suppose now that M is compact. We may then form the associ-

ated L2
product

(1.8) ('1,'2) :=

Z

M

h'1(x),'2(x)idv.

where '1,'2 are smooth sections on Sn.

Lemma 1.4. r is compatible with the h·, ·i:
(1.9) rXh'1,'2i = hrX'1,'2i+ h'1,rX'2i.
for any smooth vector field X on M and smooth section '1,'2 on Sn.

Proof. Let x 2 M and X 2 TxM , take a smooth curve � : (�✏, ✏) ! M such that

�(0) = x, �0
(0) = X. For every p 2 ⇡�1

(x), there exists a smooth curve �̃ : (�✏, ✏) !
P , s.t. �̃(0) = p, ⇡(�̃(t)) = �(t), and �̃0

(t) 2 H(�̃(t)).

(1.10) '1(�(t)) = [(�̃(t), v(t))],'2(�(t)) = [(�̃(t), w(t))],

where v(t), w(t) is a smooth curve in V .

rXh'1,'2i =
d

dt

����
t=0

hv(t), w(t)i(1.11)

= hrX'1,'2i+ h'1,rX'2i.(1.12)

⇤
Lemma 1.5. Let M be a compact Riemannian manifold with a spin structure. Then

the corresponding Dirac operator @/ is formally selfadjoint, i.e.

(1.13) (@/'1,'2) = ('1, @/'2)

for any smooth section '1,'2 on Sn.

Proof. Let x 2 M , and choose a orthonormal local frame ei, we then have rei = 0 at

x .

We then have

h@/'1,'2i = heirei'1,'2i(1.14)

= �hrei'1, ei'2i(1.15)

= �eih'1, ei'2i+ h'1,rei(ei'2)i(1.16)

= �eih'1, ei'2i+ h'1,rei(ei'2)i(1.17)

then at x, we have

h@/'1(x),'2(x)i = �eih'1(x), ei'2(x)i+ h'1(x),rei(ei'2)(x)i(1.18)

= �eih'1(x), ei'2(x)i+ h'1(x), eirei'2(x)i(1.19)

= �eih'1(x), ei'2(x)i+ h'1(x), @/'2(x)i.(1.20)
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We now consider V i
= h'1, ei'2i as the ith component of a vector field V (in fact V

is a complexified vector field, i.e. a section of TM ⌦C). The preceding formula then

becomes

(1.21) h@/'1,'2i = �divV + h'1, @/'2i.
⇤

Corollary 1.6. On a compact spin manifold M , @/' = 0 for a smooth section ' on

Sn if and only if @/2' = 0.

Theorem 1.7. Let M be a spin manifold with a local orthonormal frame field {ei}.
Then the Dirac operator @/ satisfies

(1.22) @/2 = �reirei +
1

4
R,

where R is the scalar curvature of M .

Proof. Let x 2 M , and choose a orthonormal local frame ei, we then have rei = 0 at

x .

We compute, for a spinor field ', at x,

@/2' = ejrej((eirei)')(1.23)

= ejeirejrei'(1.24)

= �reirei'+

X

i<j

ejei(rejrei �reirej)'(1.25)

= �reirei'+

X

i<j

ejeiR(ej, ei)'(1.26)

Recall that

(1.27) R(ei, ej) =
1

2

X

k<l

hR(ei, ej)ek, eliekel,

then

(1.28)
1

2

X

i<j

X

k<l

hR(ei, ej)ek, elieiejekel =
1

8

X

i,j,k,l

hR(ei, ej)ek, elieiejekel,

If i, j, k are all distinct,

eiejek = ejekei = ekeiej
, and the first Bianchi identity implies in this case that

R(ei, ej)ek +R(ej, ek)ei +R(ek, ei)ej = 0

. The remaining terms are

1

8

X

i,j,l

(hR(ei, ej)ei, elieiejeiel +R(ei, ej)ej, elieiejejel) = �1

4

X

i,j,l

hR(ei, ej)ej, elieiel(1.29)

=
1

4
R.(1.30)
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⇤

2. proof of the The Lichnerowicz Vanishing Theorem

Let (M, g) be a connected, compact, oriented and even dimensional spin manifold,

the scalar curvature R of M is nonnegative and not identically zero. By lemma1.3,

we can define @/+ as the restriction of @/ to �(S+
n ), and @/� similarly. Then index(@/

+
) = dimker @/+ � dimker @/�.

Theorem 2.1. Let (M, g) be a connected, compact, oriented and even dimensional

spin manifold, the scalar curvature R of M is nonnegative and not identically zero,

then Â(M) = 0, where Â(M) is a topological quantity.

Proof.

0 =

Z

M

@/2' · '(2.1)

=

Z

M

�reirei' · '+
1

4
R'2

(2.2)

=

Z

M

|r'|2 + 1

4
R'2

(2.3)

) r' = 0, i.e. ' is parallel. Since the scalar curvature R of M is nonnegative and

not identically zero, then ' = 0. ⇤


